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p is an exponential function

If p is an exponential function then we guess that the particular integral will be an expo-
nential function.

Example
Find the general solution of the following differential equation,

Y’ + 4y + 3y = be'”.
The auxiliary equation is
M4ar4+3=0 <= M+1)A+3)=0.

Hence, this has two distinct real roots, namely Ay = —1, As = —3. So the C.F.
(from the homogeneous equation) is given by

g(x) = c1e™® + coe 3",

To find the P.I. we try
f = ae*®,

since p(x) = betx. Differentiating, we have
f/ — 4@43: f// — 16a4x
Substituting into the differential equation we see that
"+ 4f" 4+ 3f = 16ae™® + 16ae’® + 3ae’®

= 35ae*”

= 35ae*” = 57,

Therefore we have a = 1/7 and so the P.I. is
1
f = ?€4x.

Finally, the general solution is

1
y(x) = ?6495 + c1e7% 4 cpe 32,

Example
Solve the initial-value problem given by

y'+4y +3y=e¢", y(0)=0, y(0)=0.
We know from the example above that the C.F. is
3z

cie” ¥ 4+ coe ",

Now let us find the P.I., if we try f = ae™™, we know that it wouldn’t work since
ae”? is actually a solution to the homogeneous equation y” +4y’+3y = 0. Therefore,
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we try

f=axe ™™,

thus
f'=ae " —are ™, and f"=—2ae"+ axe ".

Substituting into the differential equation we have

f'+4f +3f = —2ae " + ave * + dae” " — daxe * + 3are
= 2ae” "

=e "

Therefore we must have a = 1/2 and so the general solution to the differential

equations is

1
y(z) = §$6_m + 167 4 cpe 732,
Differentiating the general solution we have
1 1
Y (2) = e % — —ze " —cre " — 3cge
2 2
Putting « = 0, we have (from the initial conditions)
y(0)201+02:0 Clz—i
— s
y,(o):%_61_362:0 62:%
thus
1 1 5,

1
y(x) = ixe_”" — ze_x +ae
is the solution to the initial-value problem.
Example
Find the general solution to the equation
'+ 2y +y=2e"".

Find the C.F.: The auxiliary equation is

AN 4+2X4+1=0
A+1)%2=0
A o= —1

We have a repeated root so

g(x) = cre”" + cowe™ ™.

Here e™® and xe™" are two independent solutions to the homogeneous equation
y'+2y +y=0.

Find a P.I.: We have to try

2 —
f=azx"e™",
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since e~ % and xe~* can’t be the solution to the original differential equation as they
satisfy the homogeneous equation. The derivatives are:

/ — —
' =2aze ™ —az’e™®

" =2ae™" — 2azxe™™ — 2axe™" + ax’e™®

=axe * —4axe " + 2ae” "

Substituting y = f(x) into the differential equation, we have:

f"+2f' + f = ax’e™™ — daxe™® + 2ae"" + daxe * — 2ax’e” % + az’e ™

= 2ae” "

207" = 2"
Therefore a = 1. So finally, we have the general solution

y(z) = (e1 + cax + 2%)e "



