
MATH6103 Differential & Integral Calculus

MATH6500 Elementary Mathematics for Engineers

Problem Sheet 2 Solutions

1) Show that:

a) sin (θ − ϕ) = sin θ cosϕ− cos θ sinϕ

Proof: From lectures, we know that:

sin (θ + ϕ) = sin θ cosϕ+ cos θ sinϕ

and
cos(−x) = cosx

sin(−x) = − sinx

Therefore

sin (θ − ϕ) = sin (θ + (−ϕ))

= sin θ cos(−ϕ) + cos θ sin(−ϕ)

= sin θ cosϕ− cos θ sinϕ

□

b) cos (θ − ϕ) = cos θ cosϕ+ sin θ sinϕ

Proof: From lectures, we know that:

cos (θ + ϕ) = cos θ cosϕ− sin θ sinϕ

and
cos(−x) = cosx

sin(−x) = − sinx

Therefore

cos (θ − ϕ) = cos (θ + (−ϕ))

= cos θ cos(−ϕ) + sin θ sin(−ϕ)

= cos θ cosϕ+ sin θ sinϕ

□

2) Find the value of tan θ when:
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a) cot θ = 1
2

tan θ =
1

cot θ

and so
tan θ = 2.

b) θ = πc

tanπ = 0

c) sec θ = 100 and tan θ is negative

tan2 θ + 1 = sec2 θ

tan2 θ = sec2 θ − 1

= 1002 − 1

= 9999

tan θ is negative, so
tan θ = −

√
9999.

d) sin θ = 0

tan θ =
sin θ

cos θ

=
0

cos θ
= 0

e) sin θ = 1
2 and cos θ is positive

sin2 θ + cos2 θ = 1

and so

cos θ =
√

1− sin2 θ

=

√
1− 1

4

=

√
3

4

=

√
3

2
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tan θ =
sin θ

cos θ

=
1/2√
3/2

=
1√
3

f) sin θ = − 1√
5
and cos θ is negative

sin2 θ + cos2 θ = 1

and so

cos θ = −
√

1− sin2 θ

= −
√

1− 1

25

= −
√

24

25

= −2
√
6
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tan θ =
sin θ

cos θ

=
−1/5

−2
√
6/5

=
1

2
√
6

3) Using

f ′(x) = lim
h→0

f(x+ h)− f(x)

h
,

find f ′(x) when:

a) f(x) = x

f ′(x) = lim
h→0

f(x+ h)− f(x)

h

= lim
h→0

x+ h− x

h

= lim
h→0

h

h

= lim
h→0

1

= 1
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b) f(x) = x+ 2

f ′(x) = lim
h→0

f(x+ h)− f(x)

h

= lim
h→0

x+ h+ 2− (x+ 2)

h

= lim
h→0

h

h

= lim
h→0

1

= 1

c) f(x) = x2

f ′(x) = lim
h→0

f(x+ h)− f(x)

h

= lim
h→0

(x+ h)2 − x2

h

= lim
h→0

x2 + 2xh+ h2 − x2

h

= lim
h→0

2xh+ h2

h

= lim
h→0

2x+ h

= 2x

d) f(x) = 3x2

f ′(x) = lim
h→0

f(x+ h)− f(x)

h

= lim
h→0

3(x+ h)2 − 3x2

h

= lim
h→0

3x2 + 6xh+ 3h2 − 3x2

h

= lim
h→0

(6xh+ 3h2

h

= lim
h→0

6x+ 3h

= 6x

e) f(x) = 1
x+2
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f ′(x) = lim
h→0

f(x+ h)− f(x)

h

= lim
h→0

1

h
(f(x+ h)− f(x))

= lim
h→0

1

h

(
1

x+ h+ 2
− 1

x+ 2

)
= lim

h→0

1

h

(
x+ 2

(x+ 2)(x+ h+ 2)
− x+ h+ 2

(x+ 2)(x+ h+ 2)

)
= lim

h→0

1

h

(
x+ 2− x− h− 2

(x+ 2)(x+ h+ 2)

)
= lim

h→0

1

h

(
−h

(x+ 2)(x+ h+ 2)

)
= lim

h→0

−1

(x+ 2)(x+ h+ 2)

=
−1

(x+ 2)(x+ 2)

=
−1

(x+ 2)2

f) Challenge: f(x) = sinx

f ′(x) = lim
h→0

f(x+ h)− f(x)

h

= lim
h→0

sin(x+ h)− sinx

h

= lim
h→0

sinx cosh+ cosx sinh− sinx

h

= lim
h→0

sinx+ h cosx− sinx

h

= lim
h→0

h cosx

h

= lim
h→0

cosx

= cosx
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