Definition
If the limit

lim
h—0

fle+h) - f(x)
h

exists, the function f is differentiable.

Example
An example of a function which is not differentiable at a certain point:

f@ﬁﬂﬂ={‘”$20

—x <0

Figure 2.5: Graph of y = |z|.

At x =0, f(z) is continuous but not differentiable, since through the point (0,0),
you can draw many, many tangent lines. We can also show

fO+h)—f(0) _h-0_

f h>0 1
or > 0, Y A ,
for h <0, fO+h) = /(0) :_h_oz—l,
h h
i.e. 5
LSO+ h) = f(0)
h—0 h

doesn’t exist! Taking the limit from both sides must give the same answer.

2.3 Some common derivatives

The derivative of " is na 1.

23



Proof:

oS h) - f)
dx h—0 h
= lim —(:c A -2
h—0 h
~ i {mn 4 nxn_lh + n(nz_l)ﬂjn_2h2 et hn} —n
- h—0 h
—1
= lim {nx”_l + nr—1) )x”_2h + 4 h”_l}
h—0 2
= na" L.

The derivative of sinx is cos z.

For this to be true, z must be measured in radians.

Proof:
@ fh) )
dx h—0 h
sin(x + h) —sinz
= lim
h—0 h
. sinxcosh +cosxsinh —sinx
= lim
h—0 h

When h is small, sinh ~ h and cosh =~ 1, so:
. sinxz+ hcosx —sinx
= lim
h—0 h

= lim cosz
h—0

= COST

The derivative of cosz is —sin z.

For this to be true, z must be measured in radians.
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Proof:
@ fh) - )
dx h—0 h
~ im cos(x + h) — cosx
h—0 h
. cosxcosh —sinxsinh — cosx
= lim
h—0 h
. cosx — hsinx —cosz
= lim
h—0 h

= lim —sinxz
h—0

= —sinx

The derivative of tan z is sec? z.

We will see why this is true later.

We could continue working through all the functions we would like to differentiate and
working out their derivatives, but this take a long time. Instead, there are some rules
which we can use to save time.

2.4 Rules for differentiation
There are three key rules we can use to differentiate more complicated functions.
2.4.1 The sum rule

The sum rule
If f and g are differentiable, then

@)+ 9@) = - (@) + e (gl)

or

Example
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Consider the function f(z) = (x3 + x4), then using the above we have

i 3 4fi 3 i 4
da;(x —i—x)—dx(:r)—i-dx(x)

= 322 + 42°.

If you repeatedly apply the sum rule, you have

LR+ @)+ o)) = A2 (@) + A (o)) + -+ (fale)).
2.4.2 The product rule

The product rule
If f and g are differentiable, then

% (f(2)g()) = % (f(2)) 9(x) + f (@) 7 (9(x))
> % (f(z)g(x)) = f'(z)g(z) + f(z)d (x)
Example
% (@ +1)(*—1)] = 22— 1)+ (2% + 1)32

= 22% — 22+ 32* 4 322
524 + 322 — 2z
Here we have put
f(z) = 2+l = f'(z) = 2z,

and
glz)y=23 -1 = g¢'(z)=322

Example
Consider the derivative of z°, so

d s d 4
Az (z°) = Az (2% - 2)
= 423z +2*1
= 5:04,
as expected, since
i (:En) — ’I’L:En_l
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Here we have put

and

2.4.3 The chain rule

The chain rule
If f and g are differentiable, then

Example
Consider the function y(x) = (23 + 2x)'°. Here we will choose f(w) = w!'® and
g(z) = 23 4+ 2z, (so f'(w) = 10w’ and ¢/(z) = 32% +2). Then

L) = (@ 2m)")
= L)
= f'(9(x))g'(x)

= 10(z® +22)% - (322 + 2).

Essentially, what we have done is to substitute g(x) = 23 + 2z in our function for
y(x), to make the differentiation easier.

Example
To find

d .
T (sin(1 + 1'2))

take f(w) =sinw and g(x) =1+ 22 (f'(w) = cosw and ¢'(z) = 2z).
Then

d . d
- (sm(l + 9:2)) = (f(g(x))

= f'(g(x))g'(x)
= cos(1 4 z?%) - 2z
= 2z cos(1 + %)
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