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4.4.2 Finding a particular integral

The particular integral depends on the function p(x). We only consider three categories
of p(x):

1. polynomials

2. trigonometric functions

3. exponential functions

p is a polynomial

When p is a polynomial, we guess that the particular integral will be a polynomial of the
same order.

Example
Find the general solution to the differential equation
y//+2y/+y — xQ'
Recall, the general solution takes the form y = f(x) + g(x). Using the method in
the previous section, we know that the C.F. is

g(z) =cre” " 4+ cowe™®

or
T

g(x) = (c1 + cox)e™ ™.
Next, we must find the particular integral (P.I.), we try
f(x) = ax® + b + 2.

We find
f(z) =2azx+0b, f"(z)=2a.

Substituting into the differential equation gives

f"+2f + f = 2a+ 2(2ax + b) + az® + bx + ¢

= az® + (4a +b)x +2a +2b + ¢

= {1}2.

Comparing coeflicients between the LHS and the RHS we have

a=1 a=1
da+b=0 = b=—4 —  f(z) =2 — 42 46,
2a4+2b4+c=0 c=6

Finally, we can write the general solution as

y(x) = 2? — 42 + 6 + (c1 + cax)e ™.
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p is a trigonometric function
If p is a sin or cos, we guess that the particular integral will involve sin and cos.

Example
Solve the following initial-value problem:

y' =2y +y=sinz, y(0)=-2, ¢(0)=2.

[Notice that we have two boundary conditions here because second order differential
equations have two constants of integration to be found.]
The C.F. for this problem is
g(x) = (c1 + cax)e”.
To find the P.I. we try
f=asinx + bcosz.

We find
/ . 1/ .
ff=acosx —bsinx, f"=—asinz—bcoszx.

Substituting into the differential equation we have
f"—=2f + f=—asinz —bcosx — 2acosx + 2bsinx + asinx + bcosx
=(—a+2b+a)sinz + (—b— 2a + b) cosx
= 2bsinz — 2acosx
=sinz.
Comparing coefficients, we have

1 1
a =0, bzi = f=—cosuz.

Therefore the general solution to the initial-value problem is

1
y(x) = 5 cosT + (c1 + cox)e”.
In order to find the unknown constants ¢; and ¢y using the boundary conditions,
we need to find y/(z), so we differentiate the above to give:

1
y'(z) = ) sinz + coe” + (c1 + coz)e”

1
=-3 sinz + (¢1 + c2 + cox)e”

The boundary conditions give:

1
y(0) = 5 cos0 4 e%(cy + ¢z - 0)

1
:§+C1:—2

1
y'(0) = ~5 sin 0 + 60(01 +co4co-0)

=c+cp=2
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Thus, we have the constants

5) 9
01:—5, 62:2—01:2+52:§.

Finally, the solution to the initial value problem is

1 1
y(z) = 5 cosT + §e$(9w -5).



	Finding a particular integral

