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4.4 Second order differential equations

In this section, we will learn how to solve second order ODEs with constant coefficients.
These are ODEs of the form

y"+ Ay’ + By = f(x)

or

d*y | dy
—2 4+ A2 + By =

where A, B € R.

To solve equations like this, we look for particular integrals and complementary functions
to make solutions of the form:
y(z) = f(x) + Cy(x) :
—~—~ ~———

particular integral (P.I.)  complementary function (C.F.)

4.4.1 Finding complementary functions

In this section we will be looking for solutions of the homogenous ODE

d*y dy
Y 4% By —o.
dx2+ dx+ y=0

These will be the complementary functions of the non-homogenous ODE.

Definition
Two functions, y; and ys are independent if one is not a multiple of the other;
otherwise, they are said to be dependent.

Example

y1(z) = 1 and y2(x) = = are independent.

y1(x) = z and ya(x) = 3z are dependent because y2(x) = 3y1(z).
y1(x) = e and yo(x) = e®® (a # b) are independent.

Theorem

If y1(z) and ya2(z) are independent and they are the solutions to
dy | dy
— +A—+By=
dx? + dx + By =0

then the complementary function of this ODE is
y(@) = cayi(z) + caya(),

where ¢; and ¢y are constants.

In other words, if you have two independent solutions to the homogenous equation,
then you can represent any other solution to the homogenous equation in terms of
these two solutions.
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Therefore our aim is to find two independent solutions to

2y dy
AY L By—0
dxz'+ dz 7Y

If we look for solutions of the form

y = e,
then
y/ _ )\e/\x’ y// _ )\26)\1‘7
and so
Y+ Ay’ + By = \2eM 4+ ANe™ + Be®
=M\ + AN+ B).
Therefore

A\ 4+ AN+ B) =0.

This will be zero when
N4+ AN+B=0

Definition

N+ AN+B=0

is called the characteristic equation or auxiliary equation of the ODE

d?y dy
A~ + By =
P + dr + By = 0.

In general, we know that the roots of the auxiliary equation are given by

—A++VA?2—4B
2

There are three cases, depending on the value of A = A? — 4B.

\ /. \/ \_/

(a) Two roots ) One root (c¢) No roots (complex)

A:

Figure 4.1: Different options for the curve y = A\?> + A\ + B when solving the equation
N+ AN+ B=0.

Case 1: A >0

If A > 0, we have two distinct real roots:

—r+ VA r— VA
Al:rgf and A2:7"2f
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The general solution to the homogenous equation is

g(z) = C1eM® 4 Cye?2®.

Example
Consider the second order differential equation

Y’ + 3y +2y =0.

The auxiliary equation is
AN 4+30+2=0

A+1DH(A+2)=0.
This has two roots:
A=-—-1, X=-2

T

Therefore we have two solutions e @ and e™2*, and they are independent. So the

general solution is
y(x) = cre™® + cpe 22,

Case 2: A=0

If A =0, the auxiliary equation has one root which is real, given by

So eM?® is one solution to the homogenous equation. We need to find another solution,
which is independent of e**. So we try

yo(z) = xeM?.

y/ — e)qm + Alxe)\lx

y// — )\16>\11' + )\16)\1w + )\%xe)\lx

= NzeMT 2N eM7

Therefore

Y + Ay’ + By = N2xzeM® 42X\ eMT 4 AeMT 4+ AN 2eM® + BreM®
= (A2 + ANy + B) 2eMT 4 (20 + A) M2
— N——

=0 =0
= 0.

Therefore, e ® is the second independent solution. Thereforre, the general solution of

the homogenous equation is
AT AT

g(x) = c1e™* + coxe



or
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g(z) = (c1 + coz)eM?,

Example
Consider the differential equation

y' +2y +y=0.
The auxiliary equation is:
AN +20+1=0
A +1)2=0
A =-—1

A1 is the only root.
eM® and zeM? are two independent solutions, so the general solution is

y(z) = cre” 4+ cowe™®

or
y(x) = e *(c1 + cox).

Case 3: A <0

If A <0, there is no real solution to the auxiliary equation. But it is still possible to find
two independent solutions, which give the general solution

g(z) = € (c1 cos fx + cgsin fx) ,

where
A
o= ——
2
and
5= VAB — A2
= f.

Complex numbers can be used to show that these are the solutions.

Example
Consider the differential equation

y" — 6y + 13y = 0.

The auxiliary equation is
N —6A+13=0,

which has

A=-6, B=13, A=A2-Bs=36—-52=—16<0,

'Details of how this is done can be found on Moodle or at http://www.mscroggs.co.uk/6103.


http://www.mscroggs.co.uk/6103

i.e. it has complex roots. So we have

—6 1
a=-V=3 = op=2

3x

therefore €3 cos 22 and e3* sin 2z are two independent solutions, so

y = 3% (cy cos 2x + ¢o sin 2z),

is the general solution.
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