3.3.2 A special case

Let us consider the derivative of the logarithm of some general function f(z),:

d
- (In(f(2)) =

This implies that:

Example
Consider the the following integral:

22 +5
I= | ——— dzx.
/ 2 4br+3
Now, if we choose f(x) = 2% 4+ 5x + 3, then f/(x) = 2z + 5. So, if we differentiate

In(f(z)), in this case we have

d 20 +5
— [In(z®+5 )| = —5—""—
dm[n(ﬂv + 52 +3) 2 +5x + 3’

by the chain rule. Thus, we know the integral must be

I =1In(z* +52+3) +c.

Example
Consider the following integral:

3
I— .
/2x+2 du

Now, if we choose f(z) = 2x + 2 then f’(z) = 2. However, the numerator of the
integrand is 3. Not to worry, as we can simply re-write or manipulate the initial
integral as follows:

3 1 2 3 P
I_/2x+2dx_3/22x+2dm_2/2x+2dx'

Since 3/2 is a constant, which we are able to take out of the integral sign, we need
not worry about this and can proceed with the integration using what we have
learnt above, giving

3
I:§ln(2x+2)+c.

To check, we differentiate the above expression, so

I _ d B In(2z +2) + c] =

%:d:r

which is correct!
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This “special case” is an example of a method called substitution, and is not limited to
integrals which give you logarithms.

3.3.3 Substitution
We can use substitution to convert a complicated integral into a simple one.

Example
We want to find

/ (22 + 3)1% dz.

We make the substitution

u =2z + 3.
This means that
de
and so )
dr = —du.
2

So we calculate the integral as follows:

/(230 +3)100 gy /
_ 1/ 100 du

2
1 1
_ 1 7u101
2 101
= —(20+3)" ¢

202

We can check the result by performing the following differentiation:

d]1
dz | 202

101

101 _
—2r+3)"7" +¢ =503

(22 +3)109 . 2 = (22 + 3)'%0,

which is correct.

gx is not really a fraction so cannot really be split up as we did here. What we are actually

doing is using the following;:

Integration by Substitution
u(b) dr
) dx = — d
/f v = /u(a)f()duu

Substituting the u and g—ﬁ into this formula is equivalent to the splitting up of g—i which
we did. The splitting method gives the correct answer and can be thought of as an easier
way to remember the method we are actually using.
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Example
/a:(x +1)%° da
Try the substitution v = z + 1 (i.e. # =wu — 1). This gives:
du
2
dx
dr = du
So we have
/x(x + 1) dz = /(u — Du™ du
= /u51 du—/u50 du
— 1 52 1 51
IR TR
- lavyoLarytge
52 51
Check:

which is correct.

Example

Let u=1Inzx

du_1
dr =z
dr =z du
1 1
/ dr = — -z du
zlnx U
1
= /du
U
= Inlul+¢
= In|lnz|+c.
Check: J -
=2 (n1 - - .=
d:n(n| nz)) lnz 2’

which is correct.



Example
1
—d
/1+\/5 ’
Let u =1+ /x.
du_1
de 2"
dz = 222 du=2(u—1) du
1 1
/1+\/5dx = /U-Z(u—l)du
= 2/(1—1) du
u
= 2/ du—2/1du
u
= 2u—2Inful+¢
= 2(1++vx)—2In|l+ Vx| +ec
Check:
d 1 1 1+z—1 1
2(1 ~2In|1 - . _ ‘
ag U VR =2 ) = e e ) T Ve e T

Example

/sin(?):v +1) de

Let u =3z + 1.

du
2~ _3
dzx

dx = =u]

/sinSx—i—ldw = /Sinudu

1
= —§c05u+c

Wl

Wl

1
= —3 cos(3x + 1) +c.

Check:

d 1 1
— <—3 cos(3z + 1) + c) = +§ -3 -sin(3x 4+ 1) = sin(3x + 1).

63



in (L
/sm (ZI) d
T

Let u = %
dﬂ L 1
de 22
dr = —22 du
sin (L sin u
/ w(Qx) dex = / 3 - (—2?) du
= —/sinu du
= cosu—+c
()
= cos|— ] +ec
T
Check:

which is correct.

64



	A special case
	Substitution

