MATHG6103 Differential & Integral Calculus
MATHG6500 Elementary Mathematics for Engineers

Solutions to Problem Sheet 9

1) Solve the following;:

Py L dy

Solve the auxiliary equation:

A 4+3A+2=0
A+1)(A+2)=0
A=—1lor —2

So the general solution is
y = Ae " 4+ Be %%,

Py dy
by =4 3% Loy —0
)dx2 d:v+ Y

Solve the auxiliary equation:

M -3\A+2=0
A=1)(A=2)=0
A=1or?2

So the general solution is
y = Ae® + Be?®.

Py L dy
—_— 2 = gi
c) 122 3da: + 2y =sinz

Solve the auxiliary equation:

A —3\4+2=0
A=1)(A=2)=0
A=1lor?2

So the complementary function is

y = Ae® + Be?®.



For the particular integral, try y = asinx + 5 cosz.

y = asinz 4+ fcosx

/ .
Yy =acosc — Bsinx

y' = —asinz + —fcosx
. d’y . dy
sinx = @—3%—1—23/

= —asinz + —fcosz — 3 (acosz — fsinx) + 2 (asinz + fcosx)
= —asinx + —fcosx — 3acosx + 3Fsinx + 2asinx + 25 cos x
= (a+3p)sinz + (8 — 3a) cosx

Comparing coefficients gives:

a+38=1
8—3a=0
These give:
1
“T 10
3
’=1
So the particular integral is
y=qgsine + g5 cos .

Therefore the general solution is

1 3
y = Ae® + Be* + —sinx + — cos .

10 10
d) Ly + 3y + 2y = 2?
dw? " Vde YT
Solve the auxiliary equation:
M43 +2=0
A+1)(A+2)=0
A=—lor —2

So the complementary function is

y= Ae * + Be %,



For the particular integral, try y = ax? + Bz + 7.

y=oaz?+pr+y

y = 2ax +
y//zza
d*y | dy
2
=— —~+2
x dx2+3da:+y

=20+ 3 (2az + B) + 2 (az® + Bz + 7)
= 202? + (6a + 2B) z + 38 + 27 + 2a

Comparing coefficients gives:
20 =1
6a+28 =0
3+2v+2a=0

These give:
1
“7 3
-3
=7
_T
7Ty
So the particular integral is
=—z°—-x+-.
YT Tty
Therefore the general solution is
1 3 7
— Ae % B 2x -2 2 —
Y e~ + be™ + 21‘ 2w + 1
d? d
e) d—x‘z —3% + 2y =sinx — cosx
Solve the auxiliary equation:
A =3A+2=0
A=1)(A=2)=0
A=1lor?2
So the complementary function is
y = Ae® + Be*.



For the particular integral, try y = asinx + 5 cosz.

y = asinz 4+ fcosx

/ .
Yy =acosc — Bsinx

y' = —asinz + —f[cosx
d2y dy
i — =—=_-3-Z4+2
sinz — cosx 72 1 Y

= —asinz + —fcosz — 3 (acosz — Bsinx) + 2 (asinz + fcosx)
= —asinx + —fcosx — 3acosx + 3G sinx + 2asinx + 25 cos x
= (a+3p)sinz + (8 — 3a) cosx

Comparing coefficients gives:

a+38=1
g —3a=-1
These give:
1
o=
5
1
P=15
So the particular integral is
1 . + 1
= —sin — .
y=gsinz+ - cosz

Therefore the general solution is

1 3
y = Ae® + Be* + —sinx + — cos .

10 10
f) @+3@+2 =
dw? " Vde YT
Solve the auxiliary equation:
M43 +2=0
A+1)(A+2)=0
A=—lor —2

So the complementary function is

y= Ae * + Be %,



For the particular integral, try y = ae?*.

y = ae®®
Y = 20e*®
Y = dae*®
2
X = % 3% + 2y
= 4ae® + 6ae® + 2ae*”
= 120e*®

Comparing coefficients gives:

So the particular integral is
Y= 12
Therefore the general solution is

1
y=Ae ® + Be % 4+ —¢%*.

12
d*y dy 2
2937 4 gy — 22
8) dx? Sdl‘ tay=e
Solve the auxiliary equation:
A —3A+2=0
A=1)(A=2)=0
A=1or?2

So the complementary function is

y = Ae® + Be**,



For the particular integral, try y = awe®®.

y = axe®®

Y = 2aze® + ae®®
Y = daze®™ + doe®

d*y . dy

2x

=2V 3% 4

© dx? dx tey
= daxe®® + 4ae®® — 3 (204%’6230 + ae%) + 20we®®
= daze®® + 4ae®® — 6axe®® + 3ae®® + 2axe
= 4ae®® + 3ae’®

= Tae*®

Comparing coefficients gives:

So the particular integral is

Therefore the general solution is
T 2x 1 2x
y = Ae” + Be®* + ?aje .

d? d
h) d—x‘g—i—Sﬁ—l—Qy:e%—i—sinx

Solve the auxiliary equation:

AN 4+3A+2=0
A+1)(A+2)=0
A=—1lor —2

So the complementary function is

y= Ae ® + Be %%,



For the particular integral, try y = ae®® + Ssina + ycos z.

y = ae®® 4+ Bsinz + ycosx
Y = 20e® + Bcosz — ysinz
Y = 4ae®® — Bsinz — ycosx
d’y | dy

2x

=2 43242
¢ dx? dx +2y

= 40e® — Bsinz — ycosx 4 6ae?® + 3B cosz — 3ysinz + 20’ + 2Bsinx + 2y cos x

= 120¢® 4 (B — 37)sinz + (v + 383) cos x

Comparing coefficients gives:

12a0 =1
f-3y=1
vy+38=0

These give:

So the particular integral is

1 1 1
—e® + —sinx + — cos .

Y= 12 10 30

Therefore the general solution is

1 1 1
y = Ae " 4 Be % 4 562‘76 + 0 sinzx + 3 Cos %

Py L dy
i) —+3—+2y=3x—2
i dm2+ dm+ y=or

Solve the auxiliary equation:

N 4+32+2=0
A+1)A+2)=0
A=—1lor —2

So the complementary function is

y = Ae % + Be .



For the particular integral, try y = ax + 5.

y=ar+p
Y =a
y// — 0
d’y | dy
3r—2=—"5+3-—"+2
v dx? + dx toy
=04 30+ 2az + 23
Comparing coeflicients gives:
20 =3
3a+280=-1
These give:
2
a=-
3
3
P="3
So the particular integral is
2 3

Therefore the general solution is
2 3
=Ae®+Be 4 Zp— =,
y e ~ + be + 3ac 5

d*y _dy
) AN e )
j) dx? + dx y

Solve the auxiliary equation:

M+22-3=0
A=1(A+3)=0
A=1lor —3

So the general solution is
y = Ae® + Be 37,

dy |, dy .
k) @+4%+5y:smx



Solve the auxiliary equation:

N 4+4A\+5=0

—4++/16—20 1
A= VY2 =24+ -v—d=-244
2 2
So the complementary function is
y=e *(Asinz + Bcosz).

For the particular integral, try y = asinx 4+ S cos .

y = asinz + fcoszx

y = acosx — fsinx

y" = —asinz + —fBcosx
. d%y dy
sinx = @+4%+5y

= —qasinx + —fcosx + 4acosr — 4f8sinx + Sasinx + 553 cos
= (da+4B) cosz (da — 4f) sinx

Comparing coefficients gives:

da+48 =0
da—45 =1
These give:
1
o= =
8
1
i
So the particular integral is
Y = gsinx - gcosx.

Therefore the general solution is

1 1
y=e (Asinx 4+ Bcosx) + gsinx — gcosa:.

Py _
dx? de



Solve the auxiliary equation:

M +4N=0
A(A+4)=0
A=0or —4
So the general solution is
y= A+ Be ™.
d*y | dy
— 4=+ 4y = 3
m) dw2+ d:):+ y=z+
Solve the auxiliary equation:
AN +4A+4=0
(A+2)?2=0
A=-2

So the complementary function is
y = (Az + B)e 22,
For the particular integral, try y = ax + 5.

y=oar+p
y=a
y//zo
d*y

dy
3=2Y 4%y
T dx2+ dac+ y

=0+4a+4dax + 46
Comparing coefficients gives:

do =
da+48 =3

These give:

So the particular integral is

Therefore the general solution is

1 1
y:(Ax+B)e_2m—|—Zx+§.

10



d? Yy dy 2

Py | dy
29 4622 =
dz? + de "
Solve the auxiliary equation:
M4+ 6A=0
AA+6)=0
A=0or —6

So the complementary function is
y = A+ Be %,

For the particular integral, try y = ax + B22. [As there is a constant in the C.F.,
multiply the normal guess by x.]

y = ax + [’
y = a+ 2Bz
y' =28

d’y  dy
= 6-2
TT a2 + dx

=20+ 6a + 128z

Comparing coefficients gives:

126=1
6a+28=0
These give:
1
o= —
12
1
P="3
So the particular integral is
1 1,
YT 12" 36
Therefore the general solution is
y=A+ Be 5 4 x—ixZ
12 36

11



o) 4 —y =38z

da?

Solve the auxiliary equation:

AN — 1=
1
A=
4
1
A=£=
2

So the complementary function is
y=Ae2 + Be z.

For the particular integral, try y = ax + 5.

y=oar+p
Yy =a
y// — O
d%y
8r=4—— —
v dez Y
=0—ax—p
Comparing coeflicients gives:
a=—8
B8=0
So the particular integral is
y = —8z.

Therefore the general solution is

Yy = Ae? + Be™ % — 8z.

d*y _dy
29 4 9% _
p) dx? + dx ty=e

Solve the auxiliary equation:

AN42X4+1=0
A+1)2=0
A=—1

So the complementary function is

y=(Ax+ B)e *.

12



For the particular integral, try y = ae®.

y = ae”
y/ — &ez
y// — ael‘
d’y  dy
€T
= — 27
¢ dx? + dx Ty
= 4ae”
Comparing coeflicients gives:
1
o= -
4
So the particular integral is
1 T
Yy = Ze .

Therefore the general solution is

1
y=(Az+B)e " + Zem.
d*y

a2 YT

q)

Solve the auxiliary equation:

AN 4+1=0
M =-1
A=

So the complementary function is
y=Asinz + Bcosz.
For the particular integral, try y = ax + 3.

y=ar+0
Y =a
y" =0
2
T = % +y
=azr+f
Comparing coefficients gives:
o=
8=0
So the particular integral is
y=x

Therefore the general solution is

y= Asinz + Bcosx + x.

13



d2y

r) @—Fy:sinx

Solve the auxiliary equation:

NM4+1=0
N =-1
A= i

So the complementary function is
y= Asinz + Bcosz.
For the particular integral, try y = axsinz + Sx cos x.

y =axsinz + Brcosz

Yy = asinz + axcosxz — Brsinz + Bcosx

Yy’ =acosx + acosr — axrsine — frcosx — fsine — Bsinx
. d?y N
sine = —= +vy
dax?

=acosT +acosr — Bsinz — Ssinx
=aacost +acosr —arsine — fxrcosx — Bsinx — Bsinx + arsinx + Sx cosx

=2acosx — 28sinx

Comparing coefficients gives:

So the particular integral is

1
= ——XCOSXT.
Y=73

Therefore the general solution is

1
y= Asinz + Bcosx — 5 COS T.

Challenge: Adapt the method we have learned to solve this ODE:
dy by dy 32

da3 dz? dx y=e¢

Solve the auxiliary equation:
N4+222-21—2=0
A=1)A+2)(A+1)=0
A=1lor —2or —1

14



So the complementary function is

y = Ae® + Be %* 4+ Ce 7.

For the particular integral, try y = ae’®.
Y= ae’®
Y = 3ae®®
y" = 9ae”

y" = 27ae3®

3x
=CY 4000 Y
€ da3 + dz? dx Y
= 27ae® + 18ae®® — 3ae®® — 2ae3®
= 40ae>®

Comparing coefficients gives:

So the particular integral is

Therefore the general solution is

1
y=Ae® + Be ?® + Ce ™ + 4—063’”.

2) [Calculator allowed] Use Euler’s method with h = 1 to estimate y (1) when

d
Y _ siny + 2?
dx

and
y (0) =0.
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1
o= =
179
x2:1
Yo =0

y1 = yo + h (sinyo + 7)
1,
=0+ 3 (s1n0+02)
=0
Y2 = y1 + h (siny, + 27)

0+ < (sino+ i
= — S —
2 | 2

3) [Calculator allowed] Use Euler’s method with h = % to estimate y (1) when

d
& _ simy—l—:ﬁ2
dx

and
y(0) =0.

16



8 8 8 I
w N = o
| | | I

8
N
|

]
ot
Il
S R ulkuglwaloo= D

Yo
y1=1yo+ h (sinyo —i—a:g)
=0+ é (sin0 + 0%)

=0
y2 =y1 + h (siny, + a73)

1 1)\ 2
=0+ <sin0+ <5) )
= 0.008
ys =y2 + h (sinyz + 33%)

1. 2\ 2
:0.008+g sin 0.008 + 5

=0.0416
ys = ys + h (sinys + 23)

1{ 3\ 2
= 0.0416 + = | sin0.0416 + ( =

=0.1219
Ys = ya + h (sinys + wi)

1. 4\ 2
:O.1219+5 sin0.1219 + 5

= 0.27421
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